We investigate quasinormal modes of a massless charged scalar field on a small ReissnerNordström-anti-de Sitter (RN-AdS) black hole both with analytical and numerical approaches. In the analytical approach, by using the small black hole approximation (r+ ≪ L), we obtain the quasinormal mode frequencies in the limit of r+/L → 0, where r+ and L stand for the black hole event horizon radius and the AdS scale, respectively. We then show that the small RN-AdS black hole is unstable if its quasinormal modes satisfy the superradiance condition and that the instability condition of the RN-AdS black hole in the limit of r+/L → 0 is given by Q > 3 eL Qc, where Q, Qc, and e are the charge of the black hole, the critical (maximum) charge of the black hole, and the charge of the scalar field, respectively. In the numerical approach, we calculate the quasinormal modes for the small RN-AdS black holes with r+ ≪ L and confirm that the RN-AdS black hole is unstable if its quasinormal modes satisfy the superradiance condition. Our numerical results show that the RN-AdS black holes with r+ = 0.2L, 0.1L, and 0.01L become unstable against scalar perturbations with eL = 4 when the charge of the black hole satisfies Q 0.8Qc, 0.78Qc, and 0.76Qc, respectively.
I. INTRODUCTION
Superradiance is a phenomenon in which impinging waves are amplified as they scatter off a rotating black hole, e.g., the Kerr black hole, by extracting its angular momentum [1] [2] [3] . It is also known that a similar phenomenon, a charge extraction, happens for a charged black hole, e.g., the Reissner-Nordström (RN) black hole or the Kerr-Newman (KN) black hole, if impinging waves have a charge [4] [5] [6] . Using Hawking's area theorem [4, 7] , Bekenstein has derived the charge extraction condition, given by ø + eφ < 0, where ø is the frequency of the impinging waves, e the charge of the wave field, and φ the electrostatic potential difference between the black hole horizon and the spatial infinity. If the effect of rotation is included, the angular momentum and/or charge extraction condition is generalized to ω −mΩ+eφ < 0, which is referred to as "the superradiance condition" in this study, where Ω and m denote the rotation angular velocity of the black hole and the azimuthal quantum number of the wave field, respectively. Since the quasinormal frequencies of the uncharged massless field do not satisfy the superradiance condition, the angular momentum and/or the charge extraction do not occur spontaneously in the black hole in asymptotically flat spacetime [8, 9] . This means that the black hole in asymptotically flat spacetime is stable.
The situation is different for a black hole in asymptotically anti de Sitter (AdS) spacetime. The AdS boundary behaves as an effective wall that encloses the black hole * Electronic address: nami@astr.tohoku.ac.jp † Electronic address: yoshida@astr.tohoku.ac.jp and waves in AdS space are reflected inward at the AdS boundary. As argued in [10] , thus, a black hole in AdS spacetime may be modeled by a black hole in a spherical container whose length scale is given by the AdS scale L (see Sec. II). Thus, the quasinormal frequencies of the black hole in AdS spacetime are scaled by L −1 as long as the black hole event horizon radius r + is sufficiently smaller than the AdS scale L, i.e., r + ≪ L. This implies that the nondimensional quasinormal frequency ωr + of the black hole in AdS spacetime unboundedly decreases with decreasing the nondimensional horizon radius of the black hole r + /L [10] . For such low frequency normal modes, the superradiance condition will be easily satisfied. (The superradiance condition is given by ωr + − eQ < 0 for the RN black hole, where Q is the charge of the black hole.) Because the superradiant wave amplifications will occur near the black hole and will not be affected by the structure at infinity, it is expected that the rotating and/or charged black holes in asymptotically AdS spacetime are unstable if the quasinormal mode satisfies the superradiance condition. In fact, it has been shown analytically and numerically that a sufficiently small Kerr AdS black hole is unstable and its unstable quasinormal frequencies satisfy the superradiance condition [10] [11] [12] .
For the charged AdS black hole in the four dimensional spacetime, there has been no detailed investigation with respect to the relation between the condition ø + eφ < 0 and the instability of the black hole. Most studies on perturbations of the RN-AdS black hole that have been done so far focus on its quasinormal mode only (not on its instability), see, e.g., [13] [14] [15] [16] [17] , even though Wang et al. [17] suggest that the extreme RN-AdS black hole is neutrally stable against scalar perturbations. However, there have been at least two exceptions in which the sta-bility of the RN-AdS black hole is argued. Abdalla et al. [18] have studied massive charged scalar perturbations of the RN-AdS black hole by considering the time evolution of the scalar field and have found that RN-AdS black holes with moderate mass and charge become unstable. However, the physical origin of the instability was not discussed in [18] . To confirm the instability, they also tried to obtain the unstable quasinormal modes by solving the standard eigenvalue problem but did not find any unstable quasinormal mode.
Maeda et al. [19] have studied the stability of the RNAdS black hole around a critical temperature and have shown that the RN-AdS black hole becomes unstable below a critical temperature. They also found that the charge extraction from the black hole occurs as the result of the instability. Although the charge extraction happens, they concluded that this instability is not due to superradiance because it is not related to the superradiace condition (see Sec IV).
As for the KN black hole, which is a charged rotating black hole in asymptotically flat spacetime, Furuhashi and Nambu have studied the superradiance instability against charged massive scalar field perturbations [20] . They showed that the KN black hole becomes unstable if the quasinormal mode satisfies the superradiance condition. They found that the KN black hole becomes unstable due to superradiance for some values of its spin and charge and that the superradiance instability does not occur in the RN black hole or in the no-rotation limit.
In this paper, we consider massless charged scalar field perturbations of RN-AdS black holes in order to study the relation between instability and the charge extraction due to superradiance. We focus on the RN-AdS black holes having a sufficiently small horizon radius, i.e., r + ≪ L. The plan of the paper is the following. In Sec. II we analytically obtain the quasinormal modes of the scalar field under the small black hole approximation, r + ≪ L, to derive the instability condition, and briefly describe our numerical method. The numerical results are shown in Sec. III. We discuss the relation between instability of the black hole and superradiance in Sec. IV. Then the conclusion is in the last section.
II. SCALAR PERTURBATIONS OF RN-ADS BLACK HOLES
A. Reissner-Nordström AdS black hole
The metric of the RN-AdS black hole is
Here L is the AdS scale, defined by L ≡ −3/Λ with Λ being the cosmological constant . The parameters M and Q are the mass and the electrical charge of the black hole, respectively. The line element (2.1) describes the black hole if ∆ = 0 has two real roots; the event horizon r + and the Cauchy horizon r − . The Hawking temperature is given by
3) Since the charge Q is constrained by the positive definiteness of the Hawking temperature [14] , one has
The electromagnetic vector potential of the black hole is
with an integration constant C. For the RN black hole, one takes C = 0. For the RN-AdS black hole, on the other hand, we often chose C = Q/r + because the potential needs to vanish on the event horizon in the context of the AdS/CFT correspondence (see, for a review, e.g., [21, 22] ). Note that as shown later, the integral constant C does not affect the value of Im(ø), but it just displaces the value of Re(ø) as Re(ø) →Re(ø)+eC, where ø denotes the quasinormal frequency of the black hole.
B. Basic equations for scalar perturbations
We consider massless charged scalar field perturbations of the RN-AdS black hole. The field equation is written as, 6) with e being the charge of the scalar field Φ. The master equation is reduced to an ordinary differential equation by the separation of variables:
where Y lm (θ, φ) is the spherical harmonic function. We may assume ω to be Re(ω) > 0 without loss of generality. Thus, in this study, we consider modes with Re(ω) > 0 only. Then we have the radial equation,
8) where l is the eigenvalue associated with Y lm (θ, φ). For the numerical calculation, it is useful to rewrite the radial wave equation as
with
and the prime denotes d/dr. Near the event horizon, the radial wave function has to behave as,
Here we have imposed the condition of no outgoing wave from the event horizon. Near spatial infinity, the radial function is given by
with constants A and B. To avoid unphysical divergence of the scalar field at infinity, we need to impose A = 0. Then we have R ∝ r −3 .
C. Analytical condition of instability
Before doing the numerical calculation, it is useful to have an analytical formula for the instability condition. Following [10] , in which the instability conditions for the Kerr-AdS black hole and the black hole bomb are obtained with the matched asymptotic expansion, we derive the instability condition for the RN-AdS black hole. Here, we assume øM ≪ 1 in advance. But, this assumption will be justified later.
In the near region defined by Re(ω)(r − r + ) ≪ 1, the radial equation is reduced to
Introducing a new independent variable and a new radial function, defined by
one obtains the hypergeometric equation as
Imposing the ingoing wave condition at the event horizon, one has the physically acceptable solution of Eq.(2.12), given by
Here, F (a, b; c; x) is the hypergeometric function. To match the solution (2.16) to the far region solution, one needs an asymptotic form of Eq.(2.16) around |z| = 1, which can be obtained by the z → 1 − z transformation law of the hypergeometric function [23] . We then get
(2.17)
In the far region defined by r + ≪ r, the radial equation
In this region, the effects of the black hole may be neglected. We have thus assumed that M ∼ 0 and
18) is the same as that of scalar perturbations of the pure AdS spacetime ifø is replaced by ø. Provided one introduces the independent variable and the radial wave function, defined by
the function F satisfies the hypergeometric equation,
whereÃ andB are constants. We have to examine the behavior of the far region solution both at spatial infinity and in the intermediate region defined by r ≫ r + and Re(ω)(r − r + ) ≪ 1. Near infinity, we have
The radial function has to behave as R ∼ r −3 at infinity (see Eq.(2.11) with A = 0). Thus, the boundary condition at infinity is given byB = 0. In the small ør (x → 1) limit, or in the intermediate region, one has
(2.24)
In the limit of r + /L → 0, Re(ø) ≫ Im(ø) because waves can hardly leak out of the horizon. In other words, there is no black hole effect in the r + /L → 0 limit. Thus, this radial function must be regular at r = 0. We then obtain the eigenvalue equation, given by 25) with an integer n (n 0) (for a detailed discussion of quasinormal modes of the Schwarzschild-AdS black hole in the small black hole limit, see [24] ). If the effect of the black hole is taken into account, the quasinormal frequency ø Q becomes complex and may be written as 26) for small AdS black holes characterized by r + ≪ L, where the subscript "Q" to the right of ω is attached to emphasize that the ω is the quasinormal frequency of the black hole. Here, |δ| ≪ |Re(ø 0 )| has been assumed as already mentioned.
Matching the near region solution (2.17) with the far region solution (2.24) in the intermediate region, we obtain the frequency correction δ, whose sign basically determines stability of the black hole. By using properties of the gamma function, we finally have
where
Im(ø Q ) > 0 and the wave function grows exponentially with time, which means that the black hole is unstable. Since Re(ø Q ) =ø 0 , this instability condition is independent from C. Because the real part of the quasinormal frequencies is given by
Re(ø Q ) can vanish at some value of Q/r + if C = Q/r + and eL O(1). When Re(ø Q ) = 0 for the C = Q/r + case, Im(ø Q ) also vanishes and the black hole is neutrally stable.
Introducing
in the small black hole limit. Here,
2 )) has been used. This instability condition implies that the lowest order mode, characterized by n = 0 and l = 0, places the most strict condition on the instability, i.e.,Q > 3 eL , at least in the limit of r + /L → 0. SinceQ 1, we also see that the small black hole is always stable against the charged scalar perturbations with eL < 3.
From the behavior of the radial function near the horizon, R ∝ e −iør * −iωt , (see Eq.(2.10)), an observer far from the black hole recognizes that the waves are coming out from the black hole if the instability condition is satisfied, Re(ø) = Re(ø) + eφ(r + ) = Re(ø) − eQ/r + < 0. However, the group velocity −∂ø/∂ø is always negative, which implies that a local observer of the black hole sees only waves going into the horizon, then the physically acceptable boundary condition is satisfied. The same phenomenon occurs in the superradiance of the Kerr black hole.
D. Numerical method
As mentioned before, we focus on the small black hole. For the small black hole, the imaginary part of the quasinormal frequency is so small that the eigenfunction can be evaluated by direct numerical integration of the wave equation [10, 20] . Therefore, we use the direct numerical integration method to obtain the quasinormal frequency of the black hole. Since the behavior of the radial function near infinity is given by X ∝ r −2 , we may expand X in a power series of r −1 as
Near the horizon, the radial function is approximated by
(2.33) Here, the coefficients a n and b n have not been explicitly shown because they are obtained straightforwardly. The radial equation (2.9) is integrated outward from a point near the horizon with an initial condition (2.33) and inward from a point at a large radius of r ∼ 1000r + with an initial condition (2.32). A Runge-Kutta method is used for the numerical integration. Then, we have two solutions at a medium radius r m , i.e. r + < r m < R ∼ 1000r + ; one satisfies Eq.(2.10) and the other Eq.(2.11) with A = 0. When the Wronskian of these two solutions W (r m , ø) at r = r m vanishes, the two solutions are linearly dependent and simultaneously satisfy the two boundary conditions (2.10) and (2.11) with A = 0. To find the eigenvalue ø Q , i.e., the quasinormal modes of the black hole, we solve W (r m , ø) = 0 iteratively by a secant method. The parameter r m is varied to check accuracy of the numerical solutions.
III. NUMERICAL RESULTS
For numerical calculations, we normalize all the physical quantities by the AdS scale L, e.g., r + → r + /L, ø → øL, Q → Q/L and e → eL. We set the electrostatic potential as φ(r) = −Q/r like the RN black holes' potential. We focus on the fundamental quasinormal modes of the small RN-AdS black holes, r + ≪ 1, because the most profound unstable mode usually appears in the fundamental mode. We calculate sequences of the quasinormal mode increasing the value of Q from Q = 0 with a fixed horizon radius and charge of the scalar field. The quasinormal frequency of the Schwarzschild AdS (SAdS) black hole is used as the initial guess for seeking the mode. When showing the results, we use the dimensionless chargeQ, defined byQ ≡ Q/Q c . Thus, we have 0 Q 1. For the l = 0 fundamental modes, we display representative values of the complex frequencies of the black holes with r + = 0.2, 0.1, 0.01, and 0.001 in TABLEs I-IV. In TABLE IV, we also show representative values given by the analytical formula (2.27) for the black holes with r + = 0.01 and 0.001. We exhibit the real and imaginary parts of the frequencies as functions ofQ in FIGs. 1-11. As the value of the charge of the black hole increases, our numerical method does not work well due to some numerical difficulties, thus we show reliable results with sufficient accuracy only in the tables and the figures.
For the black hole with r + = 0.2, we show the l = 0 quasinormal mode frequencies of the scalar fields having e = 0, 2, and 4 in TABLE I and FIGs. 1 and 2. We use the frequency of the SAdS black hole given in [25] as the initial guess for seeking the modes. We can obtain reliable results in the range 0 Q 0.85 for the real part of the frequency and 0 Q 0.8 for the imaginary part of the frequency. For the e = 4 case, as shown in  FIG. 2 , the imaginary part of the frequency increases as the charge of the black hole increases. We then see that Im(ø) > 0 forQ 0.8. In this range of the black hole charge, the frequency satisfies Re(ø) − eQ/r + < 0. For the e = 0 case, on the other hand, the real and imaginary parts of the frequency decrease as the black hole charge increases. As for the e = 2 case, the both Re(ø) and Im(ø) change mildly as the black hole charge increases.
For the black holes with r + = 0.1 and 0.01, we use the normal mode frequencies of the pure AdS spacetime, i.e., ø = 2n + l + 3, as the initial guesses for seeking the modes. For the case of r + = 0.1 and e = Q = 0, Re(ø) and Im(ø) we obtain are in a good agreement with the results given in [24] . The results for the l = 0 modes having e = 0, 2, and 4 are displayed in TABLEs II and III, and FIGs. 3-6. We obtain reliable results in the range 0 Q 0.95 for both the real and imaginary parts of the frequencies. We see that the results for the black holes with r + = 0.1 and 0.01 are similar to those for the black hole with r + = 0.2. The oscillation frequencies increase as the black hole charge increases, when the charge of the scalar field is e = 4, while the oscillation frequencies decrease as the black hole charge increases, when the scalar field is uncharged. It is found that for the scalar perturbations with e = 4, Im(ø) > 0 ifQ 0.78 for the r + = 0.1 black hole and ifQ 0.76 for the r + = 0.01 black hole. Again, we certainly have Re(ø) − eQ/r + < 0 for the modes characterized by Im(ø) > 0 or the unstable modes.
We also calculate the l = 1 fundamental modes having e = 0, 2, and 4 for the black hole with r + = 0.01 and the results are given in FIGs. 7 and 8. We see that although the qualitative properties of the real parts of the frequency are basically independent of the value of l, the qualitative properties of the imaginary parts of the frequency for the l = 1 modes are different from those for the l = 0 modes . It is found that for the l = 1 perturbations, regardless of the value of e, the imaginary parts of the frequency increase as the black hole charge increases and approach to zero although they stay negative. Now let us compare the instability conditions obtained by the numerical calculations with the analytical instability condition (2.31). For the l = 0 perturbations with eL = 4, we have the instability conditionQ > 3/4 = 0.75 from Eq.(2.31). We see that this gives us an accurate approximation formula for the stability criterion of the black hole. Even for the black hole with r + /L = 0.2, which is the largest among the black holes considered in the present study, the relative error included in Eq.(2.31) is less than 7 percent. As for the l = 1 perturbations with eL = 4, we have the analytical instability condition,Q > 1. This means that there is no unstable mode associated with l = 1 and eL = 4, which is indeed consistent with our numerical results. We also observe that there is no unstable mode for the scalar perturbations having eL < 3 as argued in Sec. II.c.
To see the effect of the integral constant C on the quasinormal frequency, in FIG. 9 , we show the results for the black hole with r + = 0.01 in the case of C = Q/r + or φ(r) = Q/r −Q/r + . We observe the following properties. As expected from Eq.(2.30), Re(ø Q ) is approximated well by Re(ø Q ) = 2n+l+3 L −e Q r+ because the small black hole is considered. When the scalar field has a positive charge, the oscillation frequencies linearly decrease as the charge of the black hole increases. Note that for the e = 0 case, the result is the same as that of the C = 0 case. For all the imaginary parts of the frequency we calculate, we obtain exactly the same result as the result of the C = 0 case.
In order to check our numerical code, we compare our numerical results with the analytical solution (2.27) obtained in the present study. We show the results for the e = 4 scalar perturbations of the black holes with r + = 0.01 and 0.001 in TABLE IV and FIGs. 10 and 11. These show that our numerical results are in a good agreement with the analytical ones as long as the horizon radius of the black hole is sufficiently small.
For all the results obtained in the present study, the real parts of the quasinormal mode frequency for the e = 0 perturbations are of monotonically increasing functions of the black hole charge. This makes a sharp contrast with that for the large RN-AdS black hole cases [14] .
IV. INSTABILITY AND SUPERRADIANCE
As mentioned in Introduction, it is expected that a sufficiently small Reissner-Nordström AdS black hole is unstable against the charged scalar perturbations due to the superradiance charge extraction. We have proved that this expectation is correct by calculating the quasinormal modes of a massless charged scalar field on the Reissner-Nordström AdS black hole. We have confirmed both with the analytical and numerical approaches that the small RN-AdS black hole becomes unstable if the normal mode satisfies the superradiance condition. The studies on the stability of the black hole and the superradiance that have been done so far suggest that the superradiant condition indeed plays an important roll in stability of the black hole irrespective of the structure of infinity (see, e.g., [2, 6, [10] [11] [12] 20] ).
For a small RN-AdS black hole, r + ≪ L, we have Re(ø)L = O(1) (see Eq. (2.25)). Thus, the superradiance condition can be satisfied for a scalar field having eL = O(1) if the black hole has a moderate charge, Q/r + = O(1). This can be confirmed in the present results (see Sections II.C and III). For a large RN-AdS black hole, r + ≫ L, on the other hand, the superradiance condition can be satisfied for a scalar field with a sufficiently large charge, eL ≫ 1, because the quasinormal mode frequency is characterized by Re(ø)L ≫ 1 [14] [15] [16] 26] . But, so far, we have not known whether or not a large RN-AdS black hole becomes unstable due to the superradiance charge extraction.
Maeda et al. [19] have shown that the RN-AdS black holes having a large r + become unstable below a critical temperature and that the instability results in the charge extraction from the black hole. However, the instability they found is independent of the sign of the scalar field charge e. Thus they concluded that the instability is not directly related with the superradiance. Note that the instability studied in this paper depends on the sign of e, i.e., the instability condition (2.29) is never satisfied for the black hole with Q > 0 if e < 0. Therefore, it is necessary to investigate the stability of a large RN-AdS black hole in detail and to see whether or not there exists the quasinormal modes whose Im(ø) is proportional to ø + eφ.
Not only the AdS boundary but also the mass of the perturbation field behaves like an effective confining wall around a black hole. Furuhashi and Nambu [20] have investigated charged massive scalar perturbations of the Kerr-Newman black hole, which is a rotating charged black hole in asymptotically flat spacetime. They demonstrated that the instability condition is given by the superradiance condition and that instability appears only for the rotating black hole and there is no instability in the RN black hole. This means that the confining wall created by the mass of the scalar field cannot make the charged spherically symmetric black hole unstable. This is quite a contrast to the case of the AdS boundary examined in the present study.
V. CONCLUSIONS
We have investigated the quasinormal modes of the massless charged scalar field on the RN-AdS black holes both analytically and numerically for the cases of r + ≪ L. In the analytical approach, by using the small black hole approximation (r + ≪ L), we obtain the quasinormal mode frequencies in the limit of r + /L → 0. We then show that the small RN-AdS black holes are unstable if their quasinormal modes satisfy the superradiance condition and that the instability condition of the RN-AdS black hole in the limit of r + /L → 0 is given by Q > 2n+l+3 eL Q c . We also calculate the quasinormal modes numerically for the small RN-AdS black holes with r + ≪ L and confirm that the imaginary part of the frequency certainly changes the sign when the superradiance condition is satisfied. Our numerical results show that the black holes with r + = 0.2L, 0.1L, and 0.01L becomes unstable against scalar perturbations with eL = 4 when the charge of the black hole satisfiesQ 0.8, 0.78, and 0.76, respectively. We compare our numerical results with the analytical results and confirm that our numerical results are perfectly consistent with the analytical ones.
As mentioned before, it is interesting and important to generalize the present analysis to the large RN-AdS black hole cases and to investigate the relation between the superradiance condition and the instability. This remains for future work. 
